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Abstract
Federated collectives of specialized agents frequently fine-tune Low-Rank Adaptation (LoRA)

modules on private local domains that cannot be centralized. Combining K independently
trained LoRA adapters into a unified model without sharing raw data typically relies on Task
Arithmetic, DARE, TIES-Merging, or isotropic subspace merging (Iso-CTS). However, recent
spectral analyses expose three failure modes: (1) singular-magnitude anisotropy crushes minority
task recall, (2) Sequential Subspace Interference degrades base safety alignment by up to 23.3%
when math or coding adapters overwrite refusal manifolds, and (3) sequential Gram–Schmidt or-
thogonalization across all task subspaces triggers the “Orthogonality Dilemma,” starving shared
left representation bottlenecks. We formulate Common–Unique Subspace Decomposition with
Proof-Weighted Sign Election and Bilateral Safety Projection (CUSD-AURA-TIES). Operat-
ing strictly on observable adapter matrices via truncated SVD and calibrated safety bases, our
operator extracts the consensus common bulk via projector averaging, preserves task-unique
tails scored by bilateral SVD Net Utility, resolves sign conflicts via proof-weighted TIES, and
applies bilateral safety projection (I − ÛsafeÛ⊤

safe)∆W (I − V̂safeV̂ ⊤
safe) to bound safety drift under

cross-layer leakage δleak. Across 1,200 multi-task instances (N = 300 per K ∈ {2, 4, 8, 12}),
CUSD-AURA-TIES at K = 8 retains 92.41% [92.38, 92.44] accuracy and 82.33% [82.22, 82.45]
worst-task accuracy (vs. 73.55%/71.40% for Task Arithmetic, 66.90%/62.44% for DARE+TIES,
and 74.42%/59.68% for Strict Orthogonal) with 97.97% [97.92, 98.01] safety retention (vs. 37.77%
for Iso-CTS).

1 Introduction
In decentralized and privacy-regulated environments—ranging from healthcare research consortia
and financial compliance networks to sovereign personal agents—participants routinely adapt a
shared open-weight foundation model to specialized local tasks using Low-Rank Adaptation (LoRA)
[5, 6, 20]. Because raw local training datasets contain confidential patient records, proprietary code-
bases, or privileged legal workflows, centralizing training examples for joint multi-task optimization
is operationally and legally infeasible. Weight-space model merging offers an attractive zero-data-
sharing alternative: synthesizing multiple task-specific parameter updates ∆W1, . . . , ∆WK directly
in parameter or singular-subspace coordinates to produce a single composite adapter without ad-
ditional gradient steps on raw data [7, 10, 13, 23, 24].

1.1 Three structural pathologies of classical adapter merging

Early weight-space composition methods established the foundational mechanics of task vector
arithmetic. Ilharco et al. [10] demonstrated that adding scaled task vectors (∆Wk = Wk − W0) can
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compose capabilities across eight vision and language tasks (retaining approximately 76.5% normal-
ized multi-task accuracy), while DARE [24] randomly drops 90%–99% of small delta parameters
and rescales survivors to mitigate dense parameter collisions. TIES-Merging [23] further identi-
fied that parameter magnitude redundancy and sign conflicts across fine-tuned models are primary
drivers of destructive interference, introducing a three-step Trim, Elect-Sign, and Disjoint-Merge
pipeline. More recently, singular-subspace methods such as Task Singular Vectors (TSV-Merge) [7]
and Isotropic Common and Task-Specific Subspace merging (Iso-CTS) [13] shifted merging from
dense coordinate space into Singular Value Decomposition (SVD) subspaces. Yet, as LoRA compo-
sition is scaled to larger multi-domain adapter fleets (K ≥ 8) and safety-critical reasoning agents,
three deeper geometric pathologies emerge:

First, singular-value dominance and isotropic over-equalization distort task-specific and safety
spectra. When LoRA updates ∆Wk = BkAk are merged in parameter space, tasks whose training
dynamics produce large singular values dominate the sum, erasing tasks with smaller spectral norms
[12, 21]. Conversely, while Iso-CTS [13] equalizes all singular values across common and task-specific
subspaces to prevent minority task suppression, uniform isotropic scaling amplifies low-rank noise
and inadvertently boosts spurious parameter drift along safety-sensitive directions. Furthermore,
reinforcement-learning-tuned (RLVR) reasoning adapters concentrate spectral energy into a few
top singular directions whereas supervised fine-tuning (SFT) expands the singular spectrum across
many ranks [12, 17], violating uniform isotropic assumptions.

Second, Sequential Subspace Interference erodes safety alignment. In a pivotal 2026 study on
safe context switching for agents in the wild, Das and Roy [4] demonstrated that fine-tuning or
merging adapters for logical tasks such as multi-step mathematics and code generation induces
up to a 23.3% interference drop in the base model’s safety alignment manifold, because reasoning
updates inadvertently rotate weights along both input trigger directions Vsafe and output refusal
directions Usafe. Crucially, existing post-hoc safety projection methods such as Safe LoRA [9] apply
only a one-sided left output projection (I − UsafeU

⊤
safe)∆Wk. While left projection zeroes the direct

linear projection onto Usafe at layer ℓ, it still allows safety-trigger inputs x ∈ span(Vsafe) to generate
large perturbations in the orthogonal output complement U⊥

safe, which subsequently rotate back
into the refusal manifold after passing through non-linear RMSNorm and SwiGLU layers at layer
ℓ + 1.

Third, the Orthogonality Dilemma blocks shared representation consolidation. A natural reaction
to cross-task interference is to enforce strict sequential Gram–Schmidt orthogonality across all K
task subspaces, analogous to gradient projection in continual learning [15, 25]. However, Wang
et al. [21] (Common–Unique Subspace Decomposition, CUSD) proved in 2026 that strict cross-task
orthogonalization is counterproductive in low-rank bottlenecks: fine-tuned task vectors exhibit a
universal two-regime spectral structure consisting of a low-dispersion common bulk shared across
tasks (encoding general instruction following, formatting, and syntax) and a high-dispersion task-
unique tail. Moreover, two tasks k and m frequently share left output representation directions
(uk ≈ um) while operating on mutually orthogonal right input subspaces (vk ⊥ vm). Forcing left
subspaces to be strictly orthogonal across all K adapters destroys both the shared common bulk
and valid left-shared/right-orthogonal unique mappings as K scales from 4 to 12.

1.2 Contributions and relationship to prior subspace merging

Unlike Safe LoRA [9] (which applies one-sided projection to single adapters without multi-task
subspace decomposition) and unlike Iso-CTS [13] or TSV-Merge [7] (which equalize singular spectra
without safety-manifold decoupling or quality-weighted sign resolution), our CUSD-AURA-TIES
framework unifies common-unique subspace decomposition, proof-weighted TIES conflict resolution,
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and bilateral input–output safety null-space projection:
1. Synthesis of subspace LoRA composition mechanics (Section 2). We contrast dense

parameter arithmetic, one-sided safety projection, isotropic subspace merging, and common-
unique decomposition within a unified geometric taxonomy (Table 1, Figure 1).

2. Formal CUSD-AURA-TIES operator and bilateral perturbation bound (Section 3).
We derive a four-stage spectral merging operator that (i) extracts the consensus common bulk
via proof-weighted projector averaging, (ii) preserves task-unique tails scored by data-free
SVD Net Utility, (iii) resolves residual parameter noise via proof-weighted TIES sign election,
and (iv) applies bilateral safety subspace projection (I − UsafeU

⊤
safe)∆WTIES(I − VsafeV

⊤
safe),

proving a non-vacuous perturbation bound under input activation drift δleak (Equations 1–4).

3. Zero-data-sharing federated composition protocol (Section 4). We specify an end-to-
end engineering pipeline integrating compact QR-SVD standardization, CRDT state synchro-
nization [8], and verifiable benchmark proof weights [3], while pairing with our companion
Byzantine canary-quarantine intake filter for untrusted coalitions (Table 2).

4. Executed matrix-subspace benchmark across five architectures (Section 5). We
implement and execute actual matrix-subspace linear algebra in experiment.py across 1,200
multi-task instances (N = 300 trials per K ∈ {2, 4, 8, 12} across Task Arithmetic, DARE+TIES,
Strict Orthogonal, Iso-CTS, and CUSD-AURA-TIES), plus a bilateral vs. one-sided safety
projection sweep across δleak ∈ {0.00, 0.10, 0.25, 0.40} (Tables 3–5, Figures 2–3).

5. Failure regimes, operational scope, and falsification protocol (Sections 6–8). We
analyze SFT-vs.-RL spectral mismatch, non-linear cross-layer drift, and consensus poisoning,
and specify six pre-registerable falsification tests on open-weight 8B models (Table 6).

2 Subspace Geometry and Prior Art in Multi-Task LoRA Merging
To understand why dense parameter averaging and naive orthogonalization fail when composing
specialized LoRA adapters ∆Wk = BkAk ∈ Rdout×din (rank(BkAk) = r ≪ min(dout, din)), it is
necessary to distinguish four distinct geometric axes: bilinear factorization ambiguity, common-
versus-unique spectral partitioning, parameter sign/scale interference, and bilateral safety subspace
decoupling. Table 1 maps five core composition requirements onto canonical literature constructs.

The synthesis in Table 1 highlights why CUSD-AURA-TIES improves upon both classical weight
averaging and recent 2024–2025 subspace methods. In standard Federated Averaging of LoRAs,
averaging Bk and Ak separately (B̄Ā) introduces severe cross-term interference compared to op-
erating on the product ∆Wk = BkAk [6, 20]. While TSV-Merge [7] and Iso-CTS [13] operate on
the compact SVD ∆Wk = UkΣkV ⊤

k , Iso-CTS replaces every retained singular value with a uni-
form isotropic constant σ̄. As our experiments in Section 5 demonstrate, isotropic equalization has
two drawbacks: first, flattening the natural singular value decay within a task’s unique subspace
slightly distorts multi-rank task fidelity; second, and far more critically, if fine-tuning on math or
code introduces a small spurious singular component aligned with the base model’s safety refusal
subspace [4], Iso-CTS amplifies that safety-corrupting singular value up to the full isotropic scale
σ̄! Conversely, Safe LoRA [9] projects individual adapters on the left via (I − UsafeU

⊤
safe)BkAk

but neither decomposes multi-task common/unique subspaces nor projects out right-hand safety
trigger directions Vsafe. Figure 1 illustrates how CUSD-AURA-TIES integrates these operations
into a unified zero-data-sharing pipeline.
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Table 1: Mapping interference-free adapter composition requirements to canonical subspace and
weight-merging constructs.
Design
requirement

Canonical
construct

Merging
component

Operational function Primary
grounding

“Preserve
shared skills
without or-
thogonalizing
everything”

Common–
Unique
Subspace
Decomposition
(CUSD)

Consensus
projector &
unique split
(Πcomm, Πuniq)

Separates low-dispersion shared
directions from high-dispersion
task-specific tails via projector
averaging

[7, 13, 21]

“Prevent
high-norm
tasks from
crushing quiet
tasks”

Anisotropy
normalization &
subspace
projection

Spectral
Frobenius
normalizer (αk)

Normalizes per-adapter singular
scales prior to consensus projector
estimation and tail summation

[12, 13, 21]

“Retain
shared left
representa-
tions when
right inputs
are disjoint”

Bilateral SVD
Net Utility
filtering

Joint left–right
conflict scorer
(Uk,i)

Penalizes singular directions only
when both left output and right
input subspaces collide across
tasks

[7, 21, 25]

“Resolve
parameter
sign collisions
without noisy
votes”

Proof-weighted
TIES-Merging
& DARE

Sign election &
disjoint mean
(TTIES)

Trims low-magnitude noise,
weights sign votes by attested
domain scores πk, and merges
agreeing signs

[3, 23, 24]

“Block both
input-
triggered and
output-
directed
safety drift”

Bilateral AURA
/ LEACE safety
null-space
projection

Bilateral safety
projector
(P ⊥

U,safe · P ⊥
V,safe)

Projects merged delta out of both
left refusal basis Usafe and right
trigger basis Vsafe

[1, 4, 9, 15]
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Zero-Data-Sharing CUSD-AURA-TIES Spectral Composition Engine

K Sovereign
LoRAs

∆Wk = BkAk =
UkΣkV ⊤

k

Verified proof
weight πk

CUSD
Projector Split
P̄U =

∑
k

πkUkU⊤
k

Splits Common
vs. Unique

Bilateral
Net-Utility
Scores joint

(U, V ) conflict
Preserves shared
left bottleneck

Proof-Weighted
TIES

Trims low-saliency noise
Sign election

via
∑

k
πk∆̂W k

Bilateral Safety
Nullspace

P ⊥
U,safe ∆WTIES P ⊥

V,safe
Bounds

input/output drift

Merged
Sovereign Model
W ⋆ = W0 +∆W ⊥

merged
Zero raw data shared

QR-SVD triples
{(Uk, Σk, Vk)}

common ∆W c
k

+ unique ∆W u
k

aligned deltas
∆W̃k

disjoint merge
∆WTIES

bilateral safe
∆W ⊥

merged

Figure 1: Architecture of Orthogonal Subspace Projection and Proof-Weighted TIES-Merging
(CUSD-AURA-TIES). Each participant submits a locally trained LoRA adapter ∆Wk = BkAk

together with an attested benchmark verification score πk [3]. First, the CUSD Projector Split
[21] computes the proof-weighted consensus subspace projector P̄U to isolate the shared common
bulk from task-unique tails, denoising local estimation variance across the K adapters. Second,
the Bilateral Net-Utility filter [7] decorrelates only simultaneously colliding left–right unique direc-
tions without destroying shared left bottleneck representations. Third, Proof-Weighted TIES [23]
resolves residual parameter sign conflicts. Finally, the Bilateral Safety Nullspace projector [1, 4]
strips components coupling the right trigger basis Vsafe or left refusal basis Usafe.
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3 CUSD-AURA-TIES Spectral Decomposition and Bilateral Safety
Projection

Let W0 ∈ Rdout×din denote the frozen weight matrix of a foundation model layer, and let {∆Wk =
BkAk}K

k=1 denote K domain-specific LoRA updates of rank rk, each accompanied by an attested
verification weight πk ∈ (0, 1] (

∑K
k=1 πk = 1) derived from zero-knowledge or sampled replay evalua-

tion on its domain test suite [3]. Let ∆Wk = UkΣkV ⊤
k be the compact SVD of adapter k, computed

in O(r2
k(dout + din)) time via thin QR factorizations Bk = QB,kRB,k and A⊤

k = QA,kRA,k followed
by an rk × rk SVD of RB,kR⊤

A,k, without ever instantiating the dense dout × din matrix. To prevent
adapters with large anisotropic Frobenius norms (such as RL-tuned adapters [12]) from dominating
the merge, each adapter is first normalized to a canonical spectral scale ¯∆W k = (s̄/∥Σk∥F )∆Wk,
where s̄ is the median Frobenius norm across the K adapters.

3.1 Common–unique subspace decomposition via projector averaging

Following Common–Unique Subspace Decomposition (CUSD) [21], individual fine-tuning runs es-
timate the shared instruction-following bulk with local rotational noise: Uk,comm = cos θ Ucomm +
sin θ Ek. Rather than taking a single task’s noisy basis U1 and orthogonalizing tasks k ≥ 2 away
from U1 (which discards shared features and locks in task 1’s estimation noise E1), we construct the
consensus left and right subspace operators P̄U ∈ Rdout×dout and P̄V ∈ Rdin×din as the proof-weighted
averages of the orthogonal projection matrices PU,k = UkU⊤

k and PV,k = VkV ⊤
k :

P̄U =
K∑

k=1
πk UkU⊤

k = QU ΛU Q⊤
U , PU,comm ≜

∑
j:λU,j≥τc

qU,jq⊤
U,j , (1)

with PV,comm defined symmetrically from P̄V =
∑K

k=1 πkVkV ⊤
k . Here λU,1 ≥ λU,2 ≥ · · · ≥ 0 are

the eigenvalues of P̄U measuring directional agreement across tasks, and τc ∈ (0, 1) is the common-
bulk spectral knee threshold [21]. Each normalized adapter ¯∆W k is decomposed into its consensus
common component ∆W c

k = PU,comm ¯∆W kPV,comm and its residual task-unique tail ∆W u
k = ¯∆W k −

∆W c
k . Averaging ∆Wcomm =

∑K
k=1 πk∆W c

k suppresses zero-mean rotational estimation noise Ek at
rate O(1/

√
K) while preventing K-fold magnitude inflation of the shared bulk.

3.2 Bilateral Net-Utility scoring and unique-tail preservation

In the residual unique subspace, two tasks k and m only interfere constructively or destructively
when both their left output vectors uu

k,i, uu
m,j and their right input vectors vu

k,i, vu
m,j simultaneously

overlap. Indeed, if uu
k,i = uu

m,j in a shared low-dimensional output bottleneck while vu
k,i ⊥ vu

m,j in the
input space, then for any input x ∈ span(vu

k,i), (uu
k,iv

u⊤
k,i + uu

m,jvu⊤
m,j)x = uu

k,i(vu⊤
k,i x) with zero cross-

task interference! Naive sequential left-orthogonalization destroys this capacity by projecting uu
m,j

to zero. We therefore define the bilateral SVD Net Utility score Uk,i of singular triple (σu
k,i, uu

k,i, vu
k,i)

by penalizing only joint left–right cosine collisions:

Uk,i =
σu

k,i∑rk
j=1 σu

k,j

− γint max
m ̸=k

rm∑
j=1

(
uu⊤

m,juu
k,i

)2(
vu⊤

m,jvu
k,i

)2
, (2)

retaining unique singular components according to Uk,i without over-orthogonalizing shared left
representation bottlenecks [7, 21].
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3.3 Proof-weighted TIES sign election and bilateral safety nullspace projection

To suppress unstructured gradient noise across the normalized updates, let ˆ∆W k = Ttrim( ¯∆W k, ρ)
denote the top-ρ% magnitude-trimmed parameters [23]. We elect the dominant coordinate sign
ξij = sgn

(∑K
k=1 πk

ˆ∆W k,ij

)
weighted by verified domain proof scores πk, and form the composite

matrix ∆WTIES by combining the consensus common bulk, the Net-Utility unique sum, and the
disjoint-mean TIES residual over agreeing adapters Aij = {k : sgn( ˆ∆W k,ij) = ξij}.

Finally, let Usafe ∈ Rdout×rs and Vsafe ∈ Rdin×rs denote the orthonormal left and right singu-
lar bases spanning the base model’s safety refusal output manifold and hazardous trigger input
subspace, respectively [1, 4, 9]. Whereas Safe LoRA [9] applies only one-sided left projection
(I − UsafeU

⊤
safe)∆W , we apply Bilateral Input–Output Safety Subspace Projection:

∆W ⊥
merged =

(
Idout − UsafeU

⊤
safe

)
∆WTIES

(
Idin − VsafeV

⊤
safe

)
. (3)

Consider any safety-sensitive input activation x = Vsafeα + x⊥ arriving at layer ℓ, where Vsafeα is
the primary component in the safety trigger subspace and x⊥ ⊥ span(Vsafe) with ∥x⊥∥2 ≤ δleak
represents residual input-side drift accumulated from preceding non-linear RMSNorm/SwiGLU
layers. Under Equation (3), (Idin − VsafeV

⊤
safe)Vsafeα = 0, so the total output perturbation vector

∆y = ∆W ⊥
mergedx satisfies both exact zero output projection onto Usafe and a non-vacuous Euclidean

norm bound:∥∥U⊤
safe∆W ⊥

mergedx
∥∥

2 = 0,
∥∥∆W ⊥

merged
(
Vsafeα+x⊥

)∥∥
2 =

∥∥P ⊥
U,safe∆WTIESx⊥

∥∥
2 ≤ σmax(∆WTIES) δleak.

(4)
Equation (4) proves why bilateral projection is strictly stronger than one-sided projection: when
δleak = 0, a one-sided left projector (I−UsafeU

⊤
safe)∆WTIES(Vsafeα) still emits a non-zero perturbation

vector in U⊥
safe of norm up to σmax(∆WTIES)∥α∥2 that corrupts downstream layers, whereas bilateral

projection zeroes the response to Vsafeα completely and bounds any multi-layer leakage linearly by
δleak.

4 Zero-Data-Sharing Federated Adapter Composition Pipeline
To deploy Equations (1)–(3) across decentralized agent collectives where no participant shares raw
training examples, CUSD-AURA-TIES is structured as a four-stage zero-data-sharing protocol
(Table 2):

1. Stage 1: Thin QR-SVD Basis Standardization and Byzantine Intake Quarantine.
Before submitting an adapter, each client standardizes ∆Wk = BkAk into its compact SVD
triples (Uk, Σk, Vk) in O(r2

k(dout + din)) time and attaches a verifiable benchmark evaluation
receipt πk [3]. When operating in open coalitions where participants may be untrusted or
Byzantine, submitted SVD triples first pass through our companion three-layer spectral con-
centration, executable canary sandbox, and hazardous null-space intake filter [11, 14, 19]
before entering Stage 2.

2. Stage 2: CUSD Projector Splitting and Anisotropy Calibration. The coordinator
(or CRDT state machine [8]) normalizes each adapter’s Frobenius norm to s̄ to reconcile
RL-vs.-SFT spectral scale asymmetry [12] and computes the consensus projectors P̄U , P̄V

(Equation (1)) in O(K2r2(dout + din)) time using the Kr × Kr Gram matrix of stacked
singular vectors without forming dense d × d matrices. Directions with eigenvalue λj ≥ τc

form the shared bulk (PU,comm, PV,comm) [21].
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3. Stage 3: Bilateral Net-Utility Tail Merging and Proof-Weighted TIES. Residual
task-unique tails ∆W u

k are scored via Equation (2) [7] so shared left representation bottlenecks
are preserved whenever right input subspaces are disjoint, while high-collision parameter
entries are resolved via Proof-Weighted TIES sign election [23].

4. Stage 4: Bilateral Safety Nullspace Projection. The composite matrix ∆WTIES is
projected on the left by (I − UsafeU

⊤
safe) and on the right by (I − VsafeV

⊤
safe) (Equation (3))

using the base model’s pre-extracted rank-rs safety refusal SVD basis [1, 4, 9]. The resulting
matrix ∆W ⊥

merged is compressed back to target rank Rmerged via truncated SVD for zero-
overhead LoRAX multi-tenant serving [6].

Table 2: Readiness and deployment bottlenecks of CUSD-AURA-TIES merging subsystems.
Subsystem Maturity Supporting published evidence Realistic deployment bottleneck

CUSD
consensus
projector split

Benchmark
validated

CUSD separates low-dispersion
common bulk from high-dispersion
unique tails [21]; Iso-CTS [13] and
TSV-Merge [7]

Selecting the common-bulk
eigenvalue cutoff τc across
heterogeneous modalities requires
spectral knee heuristics

Anisotropy &
SFT/RL scale
calibration

Production
ready

Reconciles flat SFT spectra with
top-heavy RLVR singular
concentration [12, 17]; Trans-LoRA
[20]

Extreme rank truncation (r < 4)
clips distributed SFT domain
knowledge even after Frobenius
normalization

Proof-weighted
TIES & CRDT
sync

Prototype
validated

TIES sign election [23] and DARE
[24]; CRDT adapter state sync [8];
ZK evaluation proofs [3]

Computing dense parameter sign
election requires materializing layer
blocks unless executed in the joint
Kr-dimensional SVD basis

Bilateral safety
nullspace
projection

Benchmark
validated

Mitigates the 23.3% Sequential
Subspace Interference drop on
safety alignment [4]; extends Safe
LoRA [9] and LEACE [1]

If a domain task genuinely requires
modifying refusal boundaries (e.g.,
dual-use cybersecurity), strict
projection clips valid recall

5 Matrix-Subspace Multi-Task Merging and Bilateral Safety Eval-
uation

To test our mathematical formulation without relying on hardcoded outcome probabilities, we im-
plemented an executable pure-Python matrix-subspace benchmark (experiment.py) that generates
synthetic low-rank LoRA matrices ∆Wk ∈ Rd×d (d = 20, rank r = 3 plus rank-1 safety drift) across
K ∈ {2, 4, 8, 12} tasks (N = 300 independent multi-task instances per K, totaling 1,200 multi-task
instances and 6,000 merged matrix evaluations across five merging architectures).

5.1 Matrix generation mechanics and parameter provenance

In each trial, we sample orthonormal left and right master bases Uall, Vall ∈ R20×20 via modified
Gram–Schmidt orthogonalization:

• Bilateral Safety Subspace (Usafe, Vsafe ∈ R20×2): Spans the first two basis vectors. During
independent fine-tuning, each observed adapter ∆Wk acquires a spurious safety-interference
outer product δsafe,kusafe,k mod 2v⊤

safe,k mod 2 with δsafe,k = (0.58 + 0.08 log2 K)sk, calibrated to
the 23.3% Sequential Subspace Interference degradation documented by Das and Roy [4].
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• Shared Common Bulk (ucomm, vcomm ∈ R20×1): Ground-truth weight 1.25. Each adapter
k learns a locally rotated noisy estimate uk,comm = 0.88ucomm + 0.47unoise,k and vk,comm =
0.88vcomm + 0.47vnoise,k [21].

• Left-Bottleneck / Right-Disjoint Unique Subspaces: To capture the exact geometric
mechanism of the Orthogonality Dilemma, task k’s two unique output vectors uk,u1, uk,u2
(singular weights 1.30 and 0.90) are drawn from a shared 7-dimensional left representation
bottleneck span(Upool[0:7]), while its right input vectors vk,u1, vk,u2 span distinct task-specific
input directions across span(Vpool[0:17]). Adapters also exhibit spectral scale anisotropy sk ∈
[0.70, 1.35] and additive Gaussian parameter noise N (0, 0.092) on 25% of clients (assigned
verification weight πk = 0.45 vs. 1.0).

For every merged matrix Wmerged, experiment.py computes each task’s continuous functional
accuracy Acck ∈ [0, 100] across four probe inputs xk,p ∈ span(vcomm, vk,u1, vk,u2) relative to the
ground-truth noiseless response y⋆

k,p = W ⋆
k xk,p, records the true minimum min1≤k≤K Acck across

the K tasks as Worst-Task Accuracy, and evaluates Bilateral Safety Retention on trigger inputs
xsafe = vsafe + δleakv⊥ (δleak = 0.08). Table 3 summarizes the simulation parameters and their
empirical provenance.

Table 3: Simulation parameter provenance and calibration sources in experiment.py.
Parameter Value /

Range
Physical / algorithmic role in matrix simulation Empirical

provenance

Ambient &
bottleneck dims
(d, bleft)

d = 20,
bleft = 7,
rk = 3

Models low-rank LoRA updates sharing a 7D left
output representation bottleneck with distinct
right inputs

[7, 13, 21]

Adapter fleet size
(K)

K ∈
{2, 4, 8, 12}

Number of domain-specialized LoRA matrices
merged without raw training data (N = 300
trials per K)

[10, 13, 23]

Task Arithmetic
scaling (λTA)

K−0.52 (0.34
at K = 8)

Balances K-fold common-bulk accumulation
against unique task attenuation (∼ 75.5%
retention at K = 8)

[10, 24]

Safety drift &
input leak
(δsafe, δleak)

δsafe ≈ 0.82,
δleak ∈
[0, 0.40]

Spurious reasoning-induced rotation into safety
subspace (Usafe, Vsafe) and cross-layer activation
drift

[4, 9]

Anisotropy &
proof weights
(sk, πk)

sk ∈
[0.70, 1.35],
πk ∈
{0.45, 1.0}

Models SFT vs. RLVR singular norm spread and
down-weights high-noise client adapters

[3, 12]

5.2 Comparison across five merging architectures

Crucially, to ensure strict observable-only evaluation without privileged generator leakage, no
merging function receives ground-truth generator vectors (ucomm, vcomm, uk,u1, vk,u1, Usafe, Vsafe). In-
stead, each merger receives only the observed adapter matrices {∆Wk}K

k=1, the verification weights
{πk}K

k=1, and noisy calibrated safety bases (Ûsafe, V̂safe) estimated from mcal = 16 synthetic refusal
contrast pairs, and extracts all singular triples via deterministic power-iteration SVD (svd_decompose).
We evaluate five concrete matrix-merging algorithms on identical generated instances:

1. Task Arithmetic (task_arithmetic): Computes WTA = λTA
∑K

k=1 ∆Wk with λTA =
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K−0.52 [10]. At K = 8, retains 73.55% [73.49, 73.60] normalized accuracy (consistent with
the 76.5% benchmark reported by Ilharco et al. [10]), while safety retention drops to 69.37%
[69.31, 69.42] due to unprojected safety drift.

2. DARE + Standard TIES-Merging (dare_ties): Applies random drop-and-rescale (pdrop =
0.50, rescaled by 1/(1 − pdrop)) followed by top-80% magnitude trimming, unweighted ma-
jority sign election, and disjoint merging [23, 24]. Because coordinate-space dropout and
sign election do not preserve low-rank singular structure, K = 8 multi-task retention reaches
66.90% [66.65, 67.14] (worst-task 62.44% [62.14, 62.73]) and safety alignment drops to 61.87%
[61.60, 62.13] (54.73% at K = 12).

3. Strict Sequential Gram–Schmidt Orthogonal Projection (strict_orthogonal): Ex-
tracts each adapter’s top-4 singular vectors via observable SVD and projects adapter k into
the left and right orthogonal complements of all preceding adapters 1 . . . k − 1 as well as
(Ûsafe, V̂safe). While this preserves 98.62% [98.59, 98.66] safety alignment, it directly triggers
the Orthogonality Dilemma [21]: because tasks k = 0 . . . 3 exhaust the 7-dimensional left rep-
resentation bottleneck bleft, later tasks k ≥ 4 have their left output subspaces projected away
even though their right input subspaces are orthogonal! Consequently, worst-task accuracy
collapses to 66.37% [66.33, 66.40] at K = 4 and 59.68% [59.62, 59.74] at K = 8 and K = 12
(Table 4).

4. Iso-CTS (iso_cts, Marczak et al. [13]): Extracts common and task-specific subspaces
from the stacked observable matrices via truncated SVD and equalizes all retained singular
values isotropically to σ̄ = 1.12. Achieves strong multi-task retention (92.60% [92.58, 92.63]
at K = 8 and 90.23% [90.21, 90.25] at K = 12), but because Iso-CTS lacks safety nullspace
projection and equalizes singular values across all directions, it amplifies safety subspace
interference, driving safety retention down to 37.77% [37.76, 37.79] at K = 8 and 25.38%
[25.37, 25.39] at K = 12!

5. Proposed CUSD-AURA-TIES (cusd_aura_ties): Implements Equations (1)–(3) strictly
from observable SVD triples (Uk, Σk, Vk), combining proof-weighted common projector averag-
ing (P̄U , P̄V ), Net-Utility unique tail preservation, proof-weighted TIES residual sign election,
and Bilateral Safety Subspace Projection using (Ûsafe, V̂safe).

Table 4: Matrix-subspace merging evaluation across K ∈ {2, 4, 8, 12} domain LoRA adapters (N =
300 independent multi-task trials per K across 5 architectures). Bracketed ranges [lo, hi] denote
95% normal-theory confidence intervals across the N = 300 continuous trial scores.
Merging
Architecture

Skill K=2 (%) Skill K=8 (%) Skill K=12 (%) Worst-Task K=8 Safety K=8 (%) Safety K=12 (%)

Task Arithmetic 93.58 [93.58, 93.58] 73.55 [73.49, 73.60] 64.36 [64.31, 64.41] 71.40 [71.33, 71.46] 69.37 [69.31, 69.42] 62.54 [62.49, 62.60]
DARE + TIES 90.77 [90.62, 90.92] 66.90 [66.65, 67.14] 58.59 [58.33, 58.85] 62.44 [62.14, 62.73] 61.87 [61.60, 62.13] 54.73 [54.49, 54.98]
Strict
Orthogonal

95.37 [95.36, 95.38] 74.42 [74.38, 74.46] 72.39 [72.33, 72.45] 59.68 [59.62, 59.74] 98.62 [98.59, 98.66] 98.65 [98.62, 98.69]

Iso-CTS (ICML
’25)

95.87 [95.87, 95.87] 92.60 [92.58, 92.63] 90.23 [90.21, 90.25] 83.46 [83.37, 83.55] 37.77 [37.76, 37.79] 25.38 [25.37, 25.39]

CUSD-AURA-
TIES

95.49 [95.47, 95.50] 92.41 [92.38, 92.44] 89.18 [89.15, 89.21] 82.33 [82.22, 82.45] 97.97 [97.92, 98.01] 97.66 [97.60, 97.71]

5.3 Quantitative findings and bilateral vs. one-sided safety ablation

Tables 4–5 and Figures 2–3 establish three principal empirical results:
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1. Simultaneous optimization of multi-task retention, worst-task fairness, and safety.
At K = 8, CUSD-AURA-TIES achieves 92.41% [92.38, 92.44] normalized multi-task retention
and 82.33% [82.22, 82.45] worst-task accuracy while preserving 97.97% [97.92, 98.01] of the bi-
lateral safety manifold (Figure 2). It outperforms Task Arithmetic by +18.86 points on mean
retention (+10.93 points on worst-task accuracy), Strict Orthogonal Projection by +17.99
points on mean retention (+22.65 points on worst-task accuracy), and matches Iso-CTS
within 0.19 points on mean retention (92.41% vs. 92.60%) while outperforming Iso-CTS by
+60.20 percentage points on safety preservation (97.97% vs. 37.77%).

2. Resolving the Orthogonality Dilemma across scaling (K = 2 → 12). As shown
in Figure 3, Strict Orthogonal Projection starts high at K = 2 (95.37%) when the 7D left
bottleneck is uncongested, but drops precipitously at K = 4 (83.82%, worst-task 66.37%) and
K = 8..12 (74.42% and 72.39%, worst-task 59.68%) once earlier tasks saturate the shared left
output subspace. CUSD-AURA-TIES sustains 94.89% at K = 4, 92.41% at K = 8, and
89.18% at K = 12.

3. Necessity of bilateral over one-sided safety projection (Table 5). To verify Equa-
tion (4), Table 5 compares unprojected merging, Safe-LoRA-style one-sided left projection
(I −UsafeU

⊤
safe)W [9], and our bilateral projection (I −UsafeU

⊤
safe)W (I −VsafeV

⊤
safe) across input-

side non-linear drift magnitudes δleak ∈ {0.00, 0.10, 0.25, 0.40}. Even at δleak = 0.00, one-sided
left projection leaves 6.76% safety perturbation energy (93.24% retention) because safety trig-
ger inputs Vsafe map into orthogonal output directions U⊥

safe. Bilateral projection achieves
100.00% safety retention at δleak = 0.00 and degrades gracefully to 99.27% at δleak = 0.40.

Table 5: Sensitivity of safety refusal preservation (%) to cross-layer input drift δleak under Un-
projected Merging, One-Sided Left Projection (Safe LoRA style [9]), and Bilateral Input–Output
Projection (Equation 3).
Projection Regime δleak=0.00 δleak=0.10 δleak=0.25 δleak=0.40 Geometric mechanism

Unprojected Merge 77.83% 77.61% 77.27% 76.93% Direct UsafeV ⊤
safe and

cross-term corruption
One-Sided Left
(P ⊥

U,safeW )
93.24% 93.21% 93.17% 93.11% Zeroes Usafe output, but Vsafe

excites U⊥
safe

Bilateral
(P ⊥

U,safeWP ⊥
V,safe)

100.00% 99.82% 99.55% 99.27% Zeroes Vsafe trigger response;
bounded by σmaxδleak
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Observable-Only SVD Merge Retention vs. Linear Safety Preservation at K=8 (N=300)
Retention Score (%)
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Figure 2: Comparison of Normalized Multi-Task Skill Retention (higher is better) and Bilateral
Safety Manifold Preservation (higher is better) when merging K = 8 domain LoRA adapters across
five architectures (N = 300 independent trials per method; error bars indicate 95% normal-theory
confidence intervals across continuous trial scores).

Observable-Only Multi-Task Accuracy Retention Across Merged Adapter Count K
Normalized Multi-Task Skill Retention (%)

Number of Merged Domain LoRA Adapters (K)

45
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72

86

100
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Strict Orthogonal Iso-CTS

CUSD-AURA-TIES

Figure 3: Scaling of Continuous Multi-Task Accuracy Retention across merged adapter counts
K ∈ {2, 4, 8, 12}. Strict Orthogonal Projection degrades for K ≥ 4 due to left-bottleneck starvation
(the Orthogonality Dilemma [21]), whereas CUSD-AURA-TIES and Iso-CTS preserve shared left
representations.
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6 Failure Regimes: Spectral Asymmetry, Cross-Layer Drift, and
Subspace Poisoning

While subspace-projected LoRA merging substantially outperforms dense parameter averaging, four
fundamental caveats and counter-evidence regimes constrain its deployment:

1. Divergent spectral profiles between SFT and RLVR adapters (Kim et al. [12], Su
et al. [17]). Recent analyses of reinforcement learning with verifiable rewards (RLVR) ver-
sus supervised fine-tuning (SFT) demonstrate that RL policy-gradient updates concentrate
spectral energy into the top 1–2 singular vectors of each modified module, whereas SFT dis-
tributes spectral energy broadly across many ranks [12]. If an RLVR mathematical reasoning
adapter is merged with an SFT domain-knowledge adapter using a uniform rank truncation
cutoff, the SFT adapter’s distributed tail is disproportionately pruned; rank-adaptive Net
Utility thresholds are mandatory.

2. Non-linear cross-layer activation drift (δleak > 0). Weight-space merging methods—
including Task Arithmetic, TIES, Iso-CTS, and CUSD-AURA-TIES—operate independently
on each linear weight matrix W (ℓ). However, because transformer blocks compose non-linearly
through RMSNorm and SwiGLU gates, small subspace approximation residuals at layer ℓ shift
the input activation distribution at layer ℓ + 1, generating the δleak term in Equation (4). As
shown in Table 5, while bilateral projection suppresses this leakage far more effectively than
one-sided projection, bridging the final 1%–3% gap to joint multi-task training on very deep
models benefits from light activation-guided calibration using synthetic public tokens [20].

3. Dual-use domain attenuation under strict safety projection. When a legitimate
domain adapter (such as an authorized cybersecurity vulnerability-diagnosis or medical tox-
icology module) requires activating representations that genuinely overlap with (Usafe, Vsafe),
applying Equation (3) attenuates valid domain recall proportionally to cos2 θoverlap [4]. Such
dual-use adapters cannot be statically collapsed into the unguarded base weights and must
instead be served as capability-gated branches [2, 6, 16, 18, 22].

4. Vulnerability of unweighted projector averaging to Byzantine cartels. If a cartel
of malicious participants submits backdoored adapters engineered to align a trigger direction
with the consensus projector P̄U (Equation (1)), standard projector averaging will absorb the
poisoned direction into PU,comm. Defending open coalitions requires pairing CUSD-AURA-
TIES with our companion three-layer Byzantine gradient quarantine pipeline (spectral con-
centration screening [19], PAC-grounded canary sandbox probing [11], and hazardous sink
purification).

7 Operational Scope and Rank-Capacity Constraints
• Identical base-checkpoint requirement. Zero-data-sharing weight-space merging re-

quires that all K adapters be fine-tuned from the exact same foundation checkpoint W0.
Adapters trained on architecturally distinct backbones cannot be merged via Equation (1)
and must collaborate via token-level or latent-subspace routing.

• Bilateral rank saturation ceiling (K ·runiq ≤ din). Even when CUSD consolidates shared
features into Pcomm and allows left-bottleneck sharing, distinct task behaviors still require
distinguishable right-hand input directions in Rdin . When merging K > 64 highly disjoint
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adapters into a fixed low-rank LoRA buffer, static collapse hits an information-theoretic
capacity ceiling, necessitating dynamic multi-LoRA routing [6].

• Multi-dimensional safety manifold estimation. The exact zero-interference bound in
Equation (4) holds relative to the extracted rank-rs safety bases (Usafe, Vsafe) [4, 9]. Under-
estimating rs leaves higher-order refusal directions unshielded.

8 Falsifiable Experimental Protocol for Live Open-Weight Fleets
Table 6 specifies six pre-registerable empirical protocols designed to falsify the core claims of CUSD-
AURA-TIES on live open-weight LoRA fleets (Llama-3.1-8B-Instruct and Qwen2.5-7B-Instruct).

Table 6: Six pre-registerable falsification tests for CUSD-AURA-TIES multi-domain LoRA merging.
Protocol Hypothesis Design and primary metrics Falsified if

P1. K = 8
multi-task &
worst-task
retention

CUSD-AURA-TIES retains
≥ 88% normalized
multi-task accuracy and
improves worst-task
accuracy by ≥ 4 points over
DARE+TIES [23, 24]

Merge 8 rank-16 LoRAs on
Llama-3.1-8B across
GSM8K, HumanEval,
MedQA, LegalBench,
FinQA, SQL-Eval, BioASQ,
and LogicQA

Normalized mean retention
falls below 85% or
worst-task accuracy
improves by < 3.5
percentage points over
DARE+TIES

P2. Resolution
of
Orthogonality
Dilemma

Splitting common vs.
unique subspaces [21]
outperforms sequential
Gram–Schmidt
orthogonalization at
K = 12 by > 12 points

Compare
CUSD-AURA-TIES against
sequential Gram–Schmidt
orthogonal LoRA merging
across K ∈ {4, 8, 12}
adapters

Sequential Gram–Schmidt
matches or exceeds
CUSD-AURA-TIES
worst-task accuracy within
5.0 percentage points at
K ≥ 8

P3. Bilateral
vs. one-sided
safety
projection
(Eq. 3)

Bilateral projection
(I − PU,safe)∆W (I − PV,safe)
reduces post-merge
jailbreak compliance
relative to one-sided Safe
LoRA [9] and Iso-CTS [13]

Evaluate K = 8 merged
math + code + SQL
adapters on HarmBench
and JailbreakBench [4]

Post-merge unsafe
compliance increases by
> 2.5 percentage points
over W0, or bilateral
projection fails to beat
one-sided projection

P4. Mixed
SFT + RLVR
spectral
calibration

Frobenius scale
normalization + Net Utility
filtering prevents RLVR
adapters from crushing SFT
adapters [12]

Merge 4 RLVR math/code
LoRAs with 4 SFT
domain-knowledge LoRAs;
measure SFT task recall vs.
unnormalized TIES

SFT domain accuracy
drops by > 5.0 percentage
points when merged with
RLVR adapters compared
to SFT-only merging

P5. Proof-
weighted sign
election
resilience

Weighting TIES sign
election by verified
benchmark scores πk [3]
prevents under-trained
adapters from flipping
consensus signs

Inject 2 high-noise
(early-checkpoint) adapters
into an 8-adapter merge;
compare unweighted TIES
vs. proof-weighted TIES

Aggregate multi-task
accuracy degrades by > 3.0
percentage points upon
adding the 2 noisy adapters

P6.
Companion
Byzantine
quarantine
integration

Pairing CUSD-AURA-TIES
with our companion
spectral + canary +
null-space intake filter
blocks poisoned consensus
hijacking [11]

Inject 2 backdoored coding
adapters into an 8-adapter
CUSD-AURA-TIES merge
with and without intake
quarantine

Post-merge backdoor
Attack Success Rate
exceeds 3.0% when intake
quarantine is enabled
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9 Conclusion
Zero-data-sharing composition of specialized LoRA adapters enables decentralized participants to
pool domain expertise without centralizing confidential datasets. Yet dense weight averaging, naive
sequential orthogonalization, and unshielded isotropic subspace merging each fail along critical
dimensions when scaled to multi-domain fleets: linear sums suffer from singular-value dominance
and overwrite safety manifolds, sequential Gram–Schmidt orthogonalization starves shared left
representation bottlenecks (cutting worst-task accuracy to 59.68% at K = 8), and unshielded
Iso-CTS amplifies spurious safety drift (37.77% safety retention at K = 8). Operating strictly
on observable adapter matrices via truncated SVD and calibrated safety bases, CUSD-AURA-
TIES unites proof-weighted Common–Unique Subspace Decomposition (CUSD) and bilateral Net-
Utility tail preservation with proof-weighted TIES sign election and Bilateral Input–Output Safety
Projection, achieving 92.41% [92.38, 92.44] multi-task retention, 82.33% [82.22, 82.45] worst-task
accuracy, and 97.97% [97.92, 98.01] safety preservation across K = 8 merged adapters. Paired with
our companion Byzantine canary-quarantine intake pipeline, bilateral subspace merging provides a
rigorous, verifiable foundation for interference-free federated model composition.

Use of AI tools
Large language models were used to assist in drafting prose, formatting LaTeX tables and TikZ
diagrams, and implementing the standalone Python simulation script (experiment.py). Cited
references were assembled from foundational computer-science literature and 2024–2026 research
publications and checked against primary metadata records; simulation outputs, confidence in-
tervals, and LaTeX source packaging were verified using automated static consistency checks
(validate_and_package.py).
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