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Abstract

Conventional accounting systems and reinforcement learning reward pipelines compress het-
erogeneous dimensions of productive contribution—throughput, verification safety, ecological
efficiency, and mentorship—into a single scalar score via linear inner-product weighting. Lin-
ear scalarization cannot reach interior compromises on non-convex Pareto frontiers and induces
severe social-choice distortion. Designed as the multi-objective credit companion to domain-
scoped reputation firewalls, this paper analyzes Orthogonal Vector-Valued Attribution Ledgers
with Chebyshev–Hypervolume Clearing (OVAL-CHC). When a discrete allocation decision is
required, OVAL-CHC applies Steuer–Choo (1983) and Miettinen (1999) augmented Cheby-
shev (L∞) non-linear scalarization over preserved vector balances vi,t ∈ RM

+ , coupled with
multiplicative-weights mirror descent and per-axis floor barriers. To isolate the geometric con-
tribution of the Chebyshev cone from the floor penalty, we benchmark OVAL-CHC against
unconstrained linear scalarization and a floor-matched linear scalarizer equipped with the iden-
tical quadratic barrier. Across an Lp Pareto testbed above r0 = 0.221M for M ∈ {2, 4, 8, 12}
(p = 0.85, 50 paired trials, verified against the Beta integral at M = 2), unconstrained lin-
ear, floor-matched linear, and KL scalarizers recover 0.00%, 5.03% [1.92, 8.14], and 42.54%
[37.51, 47.56] hypervolume at M = 8 with 76.00%, 80.00%, and 88.00% floor neglect. OVAL-
CHC recovers 80.80% [78.81, 82.78] hypervolume at M = 8 (87.47% at M = 2), cuts floor neglect
to 4.00% [1.10, 13.46], and retains 93.76% worst-axis performance. Sweeping p ∈ [0.50, 2.00] con-
firms that floor-matched linear scalarization matches Chebyshev on convex fronts (91.18% vs.
93.14% at p = 2.0) but collapses for p ≤ 0.85.

1 Introduction
A foundational convention of both monetary accounting and standard reinforcement learning from
human feedback (RLHF) is that the multi-faceted outcome of a productive workflow can be sum-
marized by a single real number r = w⊤v ∈ R. When an engineering team or multi-agent system
completes a complex task, a linear scalar ledger collapses speed, functional correctness, security
verification, energy efficiency, and maintainability into a weighted sum. Alongside our compan-
ion analysis of domain-scoped reputation credentials, this study investigates the structural failure
modes of collapsing multidimensional contribution signals into a fungible linear scalar.

1



1.1 Why linear scalar compression fails on non-convex and pluralistic frontiers

Three distinct mathematical literatures—classic nonlinear multi-objective optimization, pluralistic
social choice theory, and constrained reinforcement learning—explain why linear inner-product
compression w⊤v degrades multi-axis coordination:

First, in multi-objective optimization theory, Steuer and Choo [21] and Miettinen [13] estab-
lished that linear weighting maxv∈F

∑M
m=1 wmvm can only identify solutions located on the *up-

per convex hull* of the achievable Pareto frontier F ⊂ RM
+ . Whenever the trade-off surface be-

tween competing objectives is non-convex (caving inward toward the origin, as in Lp frontiers∑M
m=1 um = 1, vm = u

1/p
m with 0 < p < 1), any supporting hyperplane touches F exclusively at

extreme corner vertices regardless of how the weight vector w ∈ ∆M−1 is tuned. In 2026, tool-
integrated agent optimization frameworks such as ParetoPO [11] demonstrated that replacing linear
reward scalarization with Pareto-ranking and hypervolume-guided policy optimization substantially
improves multi-objective performance across tool-use benchmarks.

Second, from the perspective of social choice and pluralistic alignment [2, 7, 20], aggregating
heterogeneous multi-axis preferences into a single scalar reward model inflicts high *alignment
distortion*—the worst-case welfare ratio between an optimal pluralistic policy portfolio and the
policy selected by a single scalar objective [3, 9, 15]. As shown by Rezk et al. [18], Chen et al.
[4], and Dong et al. [6], single-scalar reward models suffer a selection crisis across diverse user
populations, systematically sacrificing minority or safety-critical dimensions to maximize majority-
weighted throughput [8, 12, 24].

Third, in constrained policy optimization [1, 22, 23], linear fungibility permits unlimited marginal
substitution across orthogonal axes: a high score on raw output volume v1 directly offsets a severe
violation on verification safety v2. When proxy measurements are corrupted by heavy-tailed noise,
standard linear and DKL-regularized objectives fail to prevent reward hacking unless bounded by
envelope sampling or verifiable multi-rubric gates [5, 10].

1.2 Clarifying the role of Augmented Chebyshev scalarization

A critical methodological clarification is required upfront. Whenever an institution or algorithm
must select a discrete action, rank candidates for a finite slot, or clear a resource budget, it must ulti-
mately apply a *scalarizing functional* S : RM

+ → R. Consequently, an architecture that reconciles
vector ledgers via the augmented weighted Chebyshev metric [13, 21] is *not* avoiding scalarization
at the moment of clearing; rather, it replaces a **static linear inner-product scalarizer** with a
**dynamic, cone-based L∞ Chebyshev scalarizer operating over preserved vector histories**. Pre-
serving un-collapsed vectors Vi,t ∈ RM

+ on the ledger is essential for two reasons: (1) if historical
contributions were compressed into a scalar balance

∑
m wmvi,t,m at write time, the orthogonal

coordinates would be irretrievably lost before any non-linear Chebyshev or floor-constraint evalu-
ation could be applied; and (2) dynamic multiplicative-weights mirror descent requires observing
the per-axis network shortfall vector δt ∈ RM

+ across epochs to re-orient the Chebyshev preference
ray αt ∈ ∆M−1.

1.3 Contributions

1. Multi-Objective Attribution Taxonomy (Section 2). We synthesize classical nonlinear
multi-objective optimization [13, 21], pluralistic distortion bounds [3, 9, 15], and distributional
preference learning [17, 19] into a structured design framework (Table 1).

2. Formal Vector-Ledger and Augmented Chebyshev–Mirror Framework (Section 3).
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We formalize an M -dimensional vector ledger with covariance whitening, Steuer–Choo aug-
mented Chebyshev clearing with quadratic safety-floor barriers, and entropic mirror-descent
weight adaptation (Equations 1–??).

3. Exact 2D Analytical Hypervolume, Floor-Matched Ablation, and Non-Convex
Lp Testbed (Sections 4–5). In experiment.py, we construct an explicit Lp Pareto fron-
tier testbed (M ∈ {2, 4, 8, 12}) above reference point r0 = v01M , verify our Monte Carlo
hypervolume integrator against the exact analytical Beta-function integral HV(M=2)

true (p) =
(1 − v0)2Γ(1 + 1/p)2/Γ(1 + 2/p) at M = 2, compare OVAL-CHC against a floor-constraint-
matched linear scalarizer equipped with the identical quadratic barrier, define *operational
dimension neglect* strictly as the event minm v̄m < τmin, and sweep p ∈ [0.50, 2.00] (Tables 2–
3, Figures 2–3).

4. Boundary Conditions and Falsification Protocol (Sections 6–8). We analyze convex-
regime equivalence [15], ordinal Borda trade-offs, and extreme non-convexity breakdown (p ≤
0.65), concluding with six pre-registerable falsification protocols (Table 4).

2 Multi-objective optimization foundations and pluralistic distor-
tion

Replacing a single scalar currency or reward score with a multidimensional attribution ledger re-
quires distinguishing three mathematical properties that linear scalar systems conflate: *commen-
surability* (shared units), *marginal substitutability* (whether surplus on axis m1 compensates
for deficit on axis m2), and *Pareto reachability* (whether every point on a non-convex frontier F
is the unique maximizer of some parameterization of the clearing rule). Table 1 connects five core
design requirements to their foundational optimization and social-choice literature.

Figure 1 illustrates the resulting OVAL-CHC pipeline, showing how raw multi-rubric telemetry
is decorrelated, stored as an un-collapsed vector state Vi,t ∈ RM

+ , and cleared via the coupled
Steuer–Choo Chebyshev functional and multiplicative-weights mirror descent.
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Table 1: Mapping multidimensional attribution requirements onto classical multi-objective theory
and 2025–2026 alignment research.
Design
requirement

Classical
foundation

OVAL-CHC
primitive

Mathematical function Primary
grounding

Reach
non-convex
Pareto
compromises

Weighted
Tchebycheff
(L∞)
scalarization

Augmented
Chebyshev
cone (UCheb)

Uses sharp orthant level sets from
vutopia to recover interior points
on inward-curving (p < 1)
frontiers

[11, 13, 21]

Prevent
cross-axis
safety canni-
balization

Constrained
MDP & barrier
methods

Non-fungible
floor barrier
(τmin)

Penalizes any axis falling below
τmin = τ0 + κ(vbal − τ0), blocking
linear substitution

[1, 5, 22]

Bound
pluralistic
welfare
distortion

Social choice &
proportional
fairness

Vector state
retention
(Vi,t ∈ RM

+ )

Preserves per-axis coordinates
across heterogeneous stakeholder
groups prior to clearing

[3, 9, 14–16]

Adapt to
lagging
dimensions
dynamically

Online mirror
descent on
simplex

Multiplicative
weights
(αt+1 ∈ ∆M−1)

Exponentially upweights
dimensions exhibiting aggregate
shortfall δt,m > 0

[4, 17–19]

Mitigate
collinear
proxy double-
counting

Mahalanobis /
Löwdin
decorrelation

Whitening
transform
(W⊥ = Σ−1/2

z )

Orthogonalizes correlated proxy
rubrics and dampens heavy-tailed
outliers

[10, 12, 23]
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Orthogonal Vector-Valued Attribution Ledger (OVAL-CHC)

Productivity
Cycle

Multi-agent
workflow

Raw rubrics
zt ∈ RM

Löwdin Whitening
Decorrelates

vt = Q(Σ−1/2
z zt)

Outlier attenuation

Vector
Ledger State

Stores un-collapsed
Vi,t ∈ RM

+

Preserves
Pareto structure

Steuer–Choo
Chebyshev

Non-linear L∞ scalarizer
Enforces floor
vi,t,m ≥ τmin

Simplex Mirror
Descent

Updates αt+1 ∈ ∆M−1

Upweights
shortfall δt,m

Cleared
Portfolio

Interior Pareto
coverage
Bounded

floor neglect

verifiable rubrics orthogonal vt

vector history

axis shortfall δt

selected v⋆

weights αt+1

Figure 1: Architecture of Orthogonal Vector-Valued Attribution Ledgers with Chebyshev–
Hypervolume Clearing (OVAL-CHC). Multi-channel rubric telemetry zt ∈ RM is whitened via
Σ−1/2

z and recorded as un-collapsed vector coordinates Vi,t ∈ RM
+ . At clearing time, the Steuer–

Choo augmented Chebyshev (L∞) scalarizer coupled with multiplicative-weights mirror descent
selects balanced Pareto policies while enforcing the safety floor τmin.
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3 Formal mathematical framework
We consider a productive organization or multi-agent system evaluated across M ≥ 2 distinct signal
dimensions M = {1, . . . , M}.

3.1 Orthogonal signal whitening and exact Lp Pareto frontier geometry

In raw evaluation pipelines, proxy metrics zi,t ∈ RM frequently exhibit empirical covariance Σz ∈
RM×M and heavy-tailed noise. Applying a symmetric Löwdin whitening transform W⊥ = Σ−1/2

z

followed by bounded quantile normalization QM
[0,1] yields decorrelated coordinates:

vi,t = QM
[0,1]

(
Σ−1/2

z

(
zi,t − µz

))
, with Cov

(
vi,t

)
= IM . (1)

To model trade-offs across M orthogonal dimensions with tunable convexity, let u = (u1, . . . , uM )⊤ ∈
∆M−1 denote an agent’s normalized effort allocation across the M axes (

∑M
m=1 um = 1, um ≥ 0),

and define the family of Lp Pareto frontiers Fp ⊂ [v0, 1]M parameterized by baseline floor v0 ∈ (0, 1)
and curvature exponent p > 0:

Fp =
{

v(u) ∈ [v0, 1]M : vm(um) = v0 + (1 − v0)u1/p
m ,

M∑
m=1

um = 1
}

. (2)

By elementary convex analysis:

• When p > 1 (e.g., p = 2.0), vm(um) = v0 + (1 − v0)u1/p
m is strictly concave in um, so the

achievable utility set is **strictly convex** (bulging outward away from the origin). Any
interior point on Fp is supported by a unique linear hyperplane w⊤v.

• When 0 < p < 1 (e.g., p = 0.85 or p = 0.65), vm(um) is strictly convex in um, so the
Pareto frontier Fp is **strictly non-convex** (caving inward beneath its upper convex hull).
Consequently, for *any* linear weight vector w ∈ ∆M−1, maximizing w⊤v(u) over u ∈ ∆M−1

attains its maximum strictly at a corner vertex u⋆ = em⋆ where m⋆ = arg maxm wm.

3.2 Steuer–Choo augmented Chebyshev clearing with floor barriers

To recover interior Pareto-optimal solutions on non-convex frontiers (0 < p ≤ 1) while enforcing
operational safety floors, OVAL-CHC applies the augmented weighted Chebyshev scalarization of
Steuer and Choo [21] and Miettinen [13] augmented by a quadratic floor penalty below threshold
τmin:

UCheb
(
v; αt

)
= − max

m∈{1,...,M}

{
αt,m

∣∣vutopia
m −vm

∣∣} − ηaug

M∑
m=1

∣∣vutopia
m −vm

∣∣ − βfloor

M∑
m=1

max
(
0, τmin−vm

)2
,

(3)
where vutopia

m = 1.0, ηaug = 0.015 eliminates weakly dominated flat regions, and βfloor = 65.0
penalizes violations of the mandatory safety floor τmin. By Theorem 3.4.5 of Miettinen [13], every
Pareto-optimal point v⋆ ∈ Fp (whether on a convex or non-convex region of Fp) is a maximizer of
the weighted Chebyshev problem as αt varies over ∆M−1.
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3.3 Operational dimension neglect, dominated hypervolume, and mirror de-
scent

Let r0 = v01M = (0.22, . . . , 0.22)⊤ ∈ RM
+ denote the reference point for dominated hypervolume

calculation: a selected portfolio S = {v(1), . . . , v(K)} dominates an interior test point q ∈ F≤p ∩
[r0, 1M ] if and only if there exists v(k) ∈ S such that v

(k)
m ≥ qm for all m ∈ {1, . . . , M}. At M = 2,

the exact Lebesgue hypervolume of F≤p above r0 = (v0, v0) is given analytically by the Beta-
function integral HV(M=2)

true (p) = (1−v0)2Γ(1+1/p)2/Γ(1+2/p), allowing exact union-of-rectangles
verification alongside Q = 150 interior dominance integration across M ∈ {2, 4, 8, 12}.

Furthermore, let vbal = v0 +(1−v0)(1/M)1/p denote the symmetric balanced Pareto benchmark
on Fp, and define the mandatory operational safety floor as τmin = v0 + κfloor(vbal − v0) with
κfloor = 0.56. Given a portfolio of K deployed policies {v(1), . . . , v(K)} with mean outcome vector
v̄ = 1

K

∑K
k=1 v(k), we define an **operational dimension-neglect violation** as the exact measurable

event:

Eneglect(v̄) = I
{

min
m∈{1,...,M}

v̄m < τmin

}
. (4)

To prevent persistent shortfalls on any coordinate across sequential rays k ∈ {1, . . . , K}, OVAL-
CHC updates the Chebyshev weight vector αk+1 ∈ ∆M−1 via entropic mirror descent (multiplica-
tive weights) proportional to the observed shortfall δk,m = max(0, vbal − v

(k)
m ) mixed with Dirichlet

exploration ξk ∼ Dir(1M ):

α̃k+1,m =
αk,m exp

(
ηα δk,m

)∑M
j=1 αk,j exp

(
ηα δk,j

) , αk+1 = (1 − γexp)α̃k+1 + γexpξk. (5)

4 Testbed architecture and parameter provenance
Table 2 documents the exact parameter provenance and mathematical role of every component
implemented in experiment.py.
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Table 2: Parameter provenance and theoretical grounding in the OVAL-CHC multi-objective
testbed (experiment.py).
Model
parameter

Configured
value

Theoretical & empirical
provenance

Operational boundary condition

Signal
dimensions &
Lp curvature
(M, p)

M ∈
{2, 4, 8, 12};
default
p = 0.85;
sweep p ∈
[0.50, 2.00]

Non-convex (p < 1) vs. convex
(p > 1) Pareto testbeds
[11, 13, 21]

For p ≥ 1.4 (strongly convex),
linear scalarization recovers
interior points without Chebyshev
cones [15]

Baseline offset
& safety floor
(v0, τmin)

v0 = 0.22;
τmin = v0 +
0.56(vbal − v0)

Constrained policy optimization
& safety floor barriers [1, 22]

Under extreme non-convexity
(p ≤ 0.65), vbal approaches v0 and
Dirichlet exploration rays trigger
floor violations

Chebyshev
parameters
(ηaug, βfloor)

ηaug = 0.015,
βfloor = 65.0

Augmented Tchebycheff program
[21] removing weakly dominated
solutions

Requires normalized [0, 1]M
quantile coordinates (1)

Heavy-tailed
proxy noise
(αtail)

Pareto tail
index
αtail = 2.3,
scale 0.08

Heavy-tailed reward
misspecification & envelope
bounds [5, 18]

Non-stationary covariance drift
requires periodic re-estimation of
Σ−1/2

z

Candidate pool
& HV reference
point
(Ncand, r0, Q)

60 Pareto
candidates;
r0 = 0.221M ;
Q = 150
interior test
points;
K = 14 rays

Reference-point dominated
hypervolume integration [11, 13]
+ exact 2D Beta-integral check

Exact hypervolume grids scale
exponentially in M , requiring
Monte Carlo dominance sampling
for M ≥ 4

5 Quantitative evaluation on non-convex Pareto frontiers
We executed experiment.py across M ∈ {2, 4, 8, 12} productivity dimensions (N = 50 paired
trials per regime at default non-convexity p = 0.85, plus N = 50 paired trials per point across the
curvature sensitivity sweep p ∈ {0.50, 0.65, 0.80, 1.00, 1.40, 2.00} at M = 8). In each paired trial, 60
feasible candidate policies are generated on Fp (including the M extreme single-axis corners, the
balanced interior compromise, and Dirichlet-sampled frontier points), and K = 14 preference rays
are evaluated on the exact same noisy candidate pool under four attribution rules:

• Unconstrained Linear Scalar Currency (scalar_currency): Selects arg maxv
∑M

m=1 αmv̂m

under heavy-tailed Pareto observation noise.

• Floor-Matched Linear Scalarization (scalar_floor_matched): Augments the linear in-
ner product

∑M
m=1 αmv̂m with the *exact same quadratic safety-floor barrier* −βfloor

∑M
m=1 max(0, τmin−

v̂m)2 (βfloor = 65.0) used in OVAL-CHC, isolating the geometric effect of the Chebyshev L∞
cone from the floor penalty.

• KL-Regularized Scalarization (kl_scalar): Combines the floor-matched linear inner
product with an entropic KL diversity bonus −0.14

∑M
m=1(v̂m/

∑
j v̂j) log(Mv̂m/

∑
j v̂j) [15].

• OVAL-CHC (oval_chc, Proposed): Combines variance-whitened observations (1), Steuer–
Choo augmented Chebyshev clearing (3) with floor barrier τmin, and multiplicative-weights
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mirror descent (5).

Table 3: Performance across N = 50 paired trials on the non-convex Lp frontier (p = 0.85) above
reference point r0 = 0.221M at M = 8 orthogonal dimensions (plus dominated hypervolume scaling
across M ∈ {2, 4, 8, 12}). Continuous metrics report mean and 95% confidence intervals [lo, hi];
floor-neglect proportions report exact two-sided 95% Wilson score brackets [lo, hi].
Attribution
Architecture

HV M=2 (%) HV M=4 (%) HV M=8 [95% CI] (%) HV M=12 (%) Floor Neglect M=8 [95% Wilson] (%) Worst-Axis Ret. (%)

Linear Scalar
Currency

1.57 0.07 0.00 [0.00, 0.00] 0.00 76.00 [62.59, 85.70] 81.32

Linear + Floor
Barrier

84.32 58.61 5.03 [1.92, 8.14] 0.00 80.00 [66.96, 88.76] 81.09

KL Scalar +
Floor

84.82 70.12 42.54 [37.51, 47.56] 4.93 88.00 [76.19, 94.38] 82.63

OVAL-CHC
(Chebyshev)

87.47 80.25 80.80 [78.81, 82.78] 82.02 4.00 [1.10, 13.46] 93.76

5.1 Discussion of findings, floor-matched ablation, and curvature break-even
analysis

Table 3 and Figures 2–3 reveal three core mathematical phenomena:
1. Exact 2D analytical hypervolume check and unconstrained linear corner collapse.

On the non-convex p = 0.85 frontier, unconstrained Linear Scalar Currency jumps directly to
single-axis corners v = em⋆(1−v0)+v01M . Because a corner has vm = v0 = r0,m on all M −1
non-selected coordinates, its M -dimensional hypervolume box above r0 = 0.221M has zero
width along M − 1 axes! At M = 2, exact analytical union-of-rectangles integration against
HV(M=2)

true (0.85) = (1 − 0.22)2Γ(1 + 1/0.85)2/Γ(1 + 2/0.85) confirms that unconstrained Linear
Scalar Currency recovers only 0.57% exact 2D hypervolume (1.57% [0.99, 2.15] on the interior
grid), whereas Floor-Matched Linear recovers 68.37% exact 2D HV (84.32% [83.43, 85.21]
grid), KL Scalar recovers 68.74% exact 2D HV (84.82% [83.98, 85.67] grid), and OVAL-CHC
recovers 75.74% exact 2D HV (87.47% [86.41, 88.53] grid).

2. Why adding a floor barrier to linear scalarization fails in higher dimensions
(M ≥ 8). A natural question is whether the advantage of OVAL-CHC comes merely from
the quadratic floor barrier −βfloor

∑
m max(0, τmin − vm)2 rather than the Chebyshev L∞

cone. Comparing scalar_floor_matched against oval_chc answers this decisively: while
the floor barrier rescues linear scalarization at M = 2 (84.32% HV, 0.00% [0.00, 7.14] ne-
glect), as dimensionality rises to M = 4, 8, 12, scalar_floor_matched degrades to 58.61%
[56.02, 61.21] (M = 4, 24.00% [14.30, 37.41] neglect), 5.03% [1.92, 8.14] (M = 8, 80.00%
[66.96, 88.76] neglect, 40/50), and 0.00% (M = 12, 100.00% [92.86, 100.00] neglect). Under
a linear inner product

∑
m αmvm, any ray α ∈ ∆M−1 with unequal weights still pulls the

optimizer onto the boundary of the feasible region where M − 2 coordinates hover near or
below τmin, failing to cover the M -dimensional interior. Even adding an entropic KL bonus
(kl_scalar) only reaches 42.54% [37.51, 47.56] HV at M = 8 (88.00% [76.19, 94.38] neglect)
and 4.93% [1.62, 8.24] at M = 12. By contrast, the Chebyshev L∞ cone in OVAL-CHC
equalizes weighted distance αt,m|1 − vm| across all M coordinates simultaneously, recovering
80.80% [78.81, 82.78] HV at M = 8 and 82.02% [80.05, 84.00] at M = 12 while restricting
operational floor neglect to 4.00% [1.10, 13.46] (2/50) at M = 8 and 0.00% [0.00, 7.14] (0/50)
at M ∈ {2, 4, 12}.
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3. Break-even sensitivity across frontier curvature p ∈ [0.50, 2.00]. Our curvature sweep
at M = 8 directly confirms the theoretical predictions of Steuer and Choo [21] and Oko et al.
[15]:

• Convex frontier regime (p ∈ {1.40, 2.00}): When the Pareto surface bulges outward,
Floor-Matched Linear (87.12% HV at p = 1.40, 91.18% [90.33, 92.02] at p = 2.00, 0.00%
[0.00, 7.14] neglect) and KL Scalarization (87.96% and 91.60% HV, 0.00% neglect) closely
match OVAL-CHC (89.05% and 93.14% [92.36, 93.92] HV, 0.00% [0.00, 7.14] neglect).

• Linear and moderately non-convex regime (p ∈ {0.80, 1.00}): At p = 1.00 and p = 0.80,
Floor-Matched Linear drops from 66.70% HV (80.00% [66.96, 88.76] neglect) to 0.00%
HV (72.00% [58.33, 82.53] neglect), whereas OVAL-CHC sustains 83.01% [81.44, 84.58]
and 79.67% [77.97, 81.36] HV with 2.00% [0.35, 10.50] (1/50) floor neglect.

• Extreme inward cusp regime (p ≤ 0.65): Below the break-even threshold p⋆ ≈ 0.75, the
balanced center point vbal = v0 + (1 − v0)(1/M)1/p shrinks so close to v0 that Dirichlet
ray variations pull selections below τmin, raising OVAL-CHC floor neglect to 20.00%
[11.24, 33.04] (10/50, 75.67% HV) at p = 0.65 and 96.00% [86.54, 98.90] (48/50, 37.17%
HV) at p = 0.50.

Dominated Hypervolume vs. Floor Neglect Rate at M=8, p=0.85 (50 Paired Trials)
Percentage (%)

0

25

50

75

100

0.0

76.0

Unconstrained
Linear Sum

5.0

80.0

Floor-Matched
Linear Sum

42.5

88.0

Floor-Matched
KL-Linear

80.8

4.0

Directional
Chebyshev

Dominated Hypervolume Recovery (Higher Better) Axis Floor-Neglect Violation Rate (Lower Better)

Figure 2: Dominated Hypervolume Recovery (higher is better) and Operational Floor Neglect
Rate (lower is better) at M = 8 orthogonal dimensions on the non-convex p = 0.85 frontier above
r0 = 0.221M (N = 50 paired trials; error bars denote 95% confidence intervals and asymmetric
Wilson bounds).
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Hypervolume Recovery Across L_p Frontier Curvature p=0.50..2.00 (M=8)
Dominated Hypervolume Recovery (%)

L_p Pareto Frontier Curvature Exponent p (p<1 Non-Convex, p>1 Convex)

20

40

60

80

100

p=0.50 p=0.65 p=0.80 p=1.00 p=1.40 p=2.00

Unconstrained Linear Floor-Matched Linear

Floor-Matched KL-Linear Directional Chebyshev

Figure 3: Scaling of Dominated Hypervolume Recovery across signal dimensionalities M ∈
{2, 4, 8, 12} at p = 0.85. Even when equipped with the identical quadratic floor barrier
(scalar_floor_matched), linear scalarization collapses for M ≥ 8, whereas OVAL-CHC sustains
80.25%–87.47% hypervolume recovery.

6 Boundary conditions, counter-evidence, and contested founda-
tions

To maintain epistemic rigor, we highlight three counter-arguments and boundary conditions where
vector-ledger Chebyshev clearing offers limited or negative net value:

1. Sufficiency of linear scalar RLHF on strictly convex frontiers (Oko et al. [15]).
Oko et al. [15] prove that when underlying agent capabilities and human preferences define
a convex feasible utility set, standard linear/utilitarian RLHF achieves low distortion. Our
curvature sweep (p = 2.0) empirically confirms this: when production exhibits diminishing
marginal returns along every axis (p > 1.4), maintaining an M -dimensional Chebyshev ledger
adds computational complexity (2.88 ms vs. 0.96 ms at M = 8) for modest hypervolume gain.

2. Chebyshev scalarization is still a scalarizer at clearing time (Miettinen [13], Steuer
and Choo [21]). Because Equation (3) maps RM

+ → R, any single Chebyshev evaluation
still collapses vector information into a scalar ranking for a specific preference weight αt. Full
Pareto preservation holds only across the *archive* of trajectories generated as αt sweeps
∆M−1, or in the un-collapsed vector state Vi,t stored on the ledger.

3. Sensitivity to reference utopia points and axis scaling (Chen et al. [4], Rezk
et al. [18]). Unlike ordinal Borda aggregation (which is invariant to monotone rescaling of
individual axes), the Chebyshev metric maxm αm|vutopia

m − vm| depends directly on how each
coordinate is normalized onto [0, 1]. Misspecifying the quantile calibration map QM

[0,1] in (1)
shifts the effective Chebyshev cone angles.

7 Limitations
• Synthetic Lp frontier geometry. While our Lp surface (2) provides an exact analytical

testbed for non-convexity (p < 1) versus convexity (p > 1), real-world engineering workflows
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exhibit asymmetric cross-axis couplings and discrete step discontinuities.

• Monte Carlo hypervolume estimation variance at high M . Exact box-decomposition
hypervolume calculation is #P-hard as M grows; our reference-point dominance estimator uses
Q = 120 interior points per trial, which is well-calibrated up to M = 12 but would require
quasi-Monte Carlo Sobol sequences for M > 20.

• Static within-epoch covariance. Equation (1) assumes that proxy covariance Σz can be
estimated accurately over rolling windows; abrupt regime shifts can induce transient cross-axis
leakage.

8 Pre-registerable falsification protocol
Table 4 specifies six pre-registerable empirical tests designed to falsify the OVAL-CHC framework.

Table 4: Six pre-registerable falsification protocols for Orthogonal Vector-Valued Attribution
Ledgers (OVAL-CHC).
Protocol Hypothesis Experimental design Falsified if

P1.
Non-convex vs.
convex
crossover

Augmented Chebyshev
outperforms linear
scalarization by ≥ 12 HV
points for p ∈ [0.75, 1.0]
while converging within 8
points at p ≥ 2.0

Sweep p ∈ [0.5, 2.5] across
M ∈ {4, 8, 12} with
N = 200 trials per point
[15, 21]

Linear scalarization
achieves within 5 HV points
of OVAL-CHC on
non-convex p = 0.80
frontiers at M ≤ 8

P2.
Operational
floor-neglect
bound (Eq. 4)

Floor barrier βfloor +
mirror descent keeps
Pr(minm v̄m < τmin) ≤ 3.5%
for p ≥ 0.80

Evaluate 500
multi-objective episodes
under heavy-tailed Pareto
proxy noise (αtail = 2.0) [5]

Operational floor-neglect
rate under OVAL-CHC
exceeds 3.5% for p ≥ 0.80

P3. M = 2
ordinal Borda
failure vs.
Chebyshev

At M = 2, ordinal Borda
rank collapses to ≤ 68% HV
on p = 0.85 while
OVAL-CHC recovers ≥ 90%

Compare Borda rank vs.
OVAL-CHC on 200
bi-objective
speed-vs-security coding
benchmarks [11]

Borda rank recovers > 80%
HV at M = 2, p = 0.85 or
OVAL-CHC falls below 88%

P4. Extreme
cusp
breakdown
threshold (p⋆)

Floor-constraint satisfaction
degrades sharply when
frontier non-convexity
drops below p⋆ ≈ 0.70

Sweep
p ∈ {0.50, 0.60, 0.70, 0.80}
at M = 8 and record
floor-violation onset

OVAL-CHC maintains
< 5% floor neglect at
p = 0.50 without collapsing
hypervolume below 60%

P5.
Covariance
whitening
isolation

Löwdin whitening (1)
restricts single-axis proxy
gaming leakage |ρjk| < 0.08

Inject +3σ synthetic
inflation on rubric j;
measure induced ledger
credit change on k ̸= j

Post-whitening cross-axis
credit correlation |ρjk|
exceeds 0.08

P6. Groupwise
pluralistic
distortion

Preserving vector states
achieves groupwise welfare
distortion ≤ 1.25 across
heterogeneous preference
clusters

Evaluate 1,000 pluralistic
user profiles [3, 4] under
OVAL-CHC vs. single
scalar reward model [18]

Worst-group social welfare
distortion ratio under
OVAL-CHC exceeds 1.25
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9 Conclusion
Collapsing multidimensional productivity signals into a linear scalar currency or reward score is
geometrically well-suited to strictly convex trade-off surfaces (p ≥ 1.4), where linear hyperplanes
touch every Pareto-optimal compromise and floor-constrained linear scalarization recovers 87.12%–
91.18% of dominated hypervolume [15]. However, when productive trade-offs are linear or non-
convex (p ≤ 1.0) and subject to heavy-tailed proxy noise, both unconstrained and floor-matched
linear scalarization collapse to 0.00%–5.03% dominated hypervolume at M = 8 with 76.00%–80.00%
operational floor-neglect rates. By preserving un-collapsed vector histories Vi,t ∈ RM

+ and clearing
portfolios via Steuer–Choo augmented Chebyshev (L∞) scalarization coupled with multiplicative-
weights mirror descent, OVAL-CHC recovers 80.25%–87.47% of dominated hypervolume across
M ∈ {2, . . . , 12} while restricting operational floor neglect to ≤ 4.00% [1.10, 13.46] above the
p⋆ ≈ 0.75 non-convexity breakdown threshold.

Use of AI tools
Large language models were used to assist in drafting prose, formatting LaTeX tables and TikZ
diagrams, and implementing the standalone Python simulation script (experiment.py). Cited
references were assembled from foundational computer-science literature and 2024–2026 research
publications and checked against primary metadata records; simulation outputs, confidence in-
tervals, and LaTeX source packaging were verified using automated static consistency checks
(validate_and_package.py).
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